
the dispersed phase, according to the tant across the interface ?1 = X / 2  q i z t  
= ~ C X /  D A 2  

R = availability ratio, - coBSd% = ~ C Y /  DBi 

availability ratio criterion. 

NOTATION vC"A1 V = stoichiometric coefficient 

[ M L-'T-'] 

= concentration of the i-th reac- 
tant in the j-th phase [ML"] 

= reaction zone thickness [ L ]  
= diffusivity of the i-th reactant 

in the j-th phase [ L'T-'I 
=reaction rate constant in the 

j-th phase [ M-lL*T1] 
= equiIibrium distribution ratio 

for A, CAJC, 
= equilibrium distribution ratio 

for B, C d C B ,  
= transfer rate of the i-th reac- 

S, = consumption rate of the i-th 
reactant at the reaction front 
[ ML-2T-1] 

t = time coordinate [TI 
X = position coordinate [ L ]  
X' = position coordinate of the re- 

action zone [ L ]  

Greek Letters 
LY = proportionality constant 

[ L'T-'I 
~~ 

Y = dDA,/DAi 
r = d D B i / D B z  
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Finite-Difference Transforms for Application to Stage by Stage 
Processes 

P. G. MURDOCH 
Dow Chemical Company, Midland, Michigan 

The stage by stage operations of 
chemical engineering may be calcu- 
lated by iterative means, or handled by 
graphical manipulations. The former is 
tedious; the latter is often useful but 
leads to somewhat uncertain results 
when many-stage processes are treated. 
An analytical method for solving stage 
by stage problems would have obvious 
advantages. Such a method has been 
devised for linear systems (3, 4, 5 ) ;  
the method involves finite-difference 
transforms that are analogous to the 
Laplace transfom. The basis of this 
method was developed originally in the 
electrical engineering field for applica- 
tion to control problems. The trans- 
form was called the z-Transform, cor- 
responding to the u (p )  function de- 
fined below. There are also alternate 
transform techniques (1, 2, 7,8)  which 
are more powerful for some applica- 
tions. 

Let y. denote a function of stage 
number n. Defhe the finite-difference 
transform as follows: 

) (YO+,+,+.. P Y2 . 

or 

P - 1  Y. 

P - - l  

Y ( P )  =p n10 - pn 

d P )  - --- 
P 

where 
p = a parameter 

Y l  Y 2  

P P- 
u(p) = yo + - + - + * * 

The transform of y,, = 1 is 1: 

) (1 + p + r i . +  . .  . 
1 1  

p - 1  1 _-.-- - 1  - 

1 

P 
p I-- 

The transform of yn = n is I / (p  - 1) 

1 2  

P ( 0  + + .y + . . . ) 
a 

=-  ( p - 1 ) -  
aP 

1 ( l + p + ; ; ; f . . .  1 1  

P - 1  - 1 

( P - l Y  p - 1  
-- - - 

If the transform of y. is ~ ( p ) ,  the 
transform of y,,, is 

P - 1  P(y,+J = - 
P 

) (Y' + y + ';;; + . . * Y2 Y 3  

= P (P(Y.) --Yo) P - 1  
P 

= p Y(P) - (P - 1)yo 

P(Y,+l) - P(Y") = (P - 1) ( A p )  - 
The transform of Ay = Y,,~ - y. is 

yo). The transform of n y. is found by 
noting that 
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TABLE 1. SOME FINITE DIFFERENCE TRANSFOHMS 

B. = 1 

B, = n 

B z = n ( n - l ) / 2 !  

BX = n( n - 1 ) .  . . ( n  - k + l ) / k !  

an 

a" 

n! 
- 

nu" 

an-l. C 2 
R=o a* 

( n  = o termis o )  

fn!Y 

l , o , o , o  ) . . .  
O , l , l , l ,  . . .  
o,o,1,1,  . . .  

Transform 

P-1 

1/P 
l/p2 

- 
P 

-1 
1 

a -- (Incomplete gamma integral) P 

au 2y2 3y3 The transform of n is a special case of P - 1  
aP Pa P' 

P - 1  

) this relation. By differentiating again 
one finds that the transform of n(n + 
l)y, is p ( p  - 1) 8 d a p ' .  

transform of a* - 12 hswer:  - 
P - - a  

- - I = -  . What is the transform 

P forms can be developed (see Table 1). of n(n + l)d P ( P  - 1) 

- = - (; + -- + - + . . , 

( 0  ,-; + + 1.. . . 

a - 1  

P - U  By simple algebra a list of trans- P(n  y.) = - 
? Answer: 

This list is by no means exhaustive but 2! 2! 
@ P ( P  - 1) is adequate for the solution of many a~ 

problems involving stage by stage 
processes. Also many other related aPa 
transforms can be developed by using 
the table. For example what is the shown by example. 

au 
aP 

The utility of the transforms is best =- (p-1) - 

Vol. 7, No. 3 A.1.Ch.E. Journal Page 527 



Example 1: What is the sum of the 
first n terms of a geometric progres- 
sion? 

Solution: 

y,, = 2' a' where a = constant. 
P:O 

By difference 

Y,,,~ - y. = a"+l 

From the table ( p  - 1 )  ( y  - yo) = a - 
p - l / p  - a. 

But yo = 1. Therefore 

a 
r = -  + 1  

P - - a  
U a'"" - 1 

y. = - (a"- 1 )  + 1 = ~ 

a - 1  a - 1  

Example 2: What is the sum of all 
terms of the series ( a  + 4a' + 9ay + 
. . . )?  That is what is the value of 

2 n'a'' (where a is less than unity)? 
lL-0 

P - 1  Solution: ??(a") = - 
. I  

P - - a  
a 

1 + -  
P- -a  P - a  
P 

(j-=-= 

F(n'a") = F( [n(n + 1) - nlan)  

aaU aV 
= p ( p  - 1 )  - + (p- 1 )  - 

aP" aP 

Corresponding (+ is P H(naan) = 
P - - l  

U P  - 2 up2 

( p  - a ) s  ( p  - a ) a  

- 2a 
Desired sum = lim u = 

p = l  ( 1 - a ) *  

a - a(1  + a )  

( 1  - a13 

- 
(1 - a ) ~  

Example 3: A series of reactions oc- 

1. A + C = N ,  Reaction rate 

2. Nl  + c = N ,  
3. N ,  -k c = N ,  

curs as follows: 

rl = klcn . f (c's) 
T, = k2CNl - f (c's) 
r8 = k,CN, . f ( C ' S )  

where c = concentration, k,, k, = re- 
action rate constants, f (c's) is a func- 
tion of concentrations, the same for all 
reactions. C is the common component; 
it takes part in all reactions. This type 
of reaction sequence is fairly common 
in the chemical industry. The problem: 
Pure A and C are mixed and reacted 

batch by batch. What is the yield of 
product N,? 

Solution: Let A, N,, N,, . . . = moles 
ok A, N,, . . . . A, = A in reactor feed. 

a = m - 1 

A 
z = - In - 

A F  

m = k,/k, 

ra = disappearance rate of A 

V,& = - 

r,, = net formation rate of N ,  

e' 

Nn 
A, 

rl d N ,  dv, 
r4 - d A  dz 

r1 - r, 
r, 

n > l :  - - 

n = l :  _=____- .  - 

1 - mvle2 

rn d N ,  dv, 

- --= 

e" 
T.4 - d A  dZ 

Or 
dv, 
dz 

n = 1: - + mvl = e-' 

do,,, 
- = m(u, - %+l) dz  

n > 1: 

In these equations vo is not defined 
(there is no product N o ) .  But the sub- 
script n = 0 occurs in the transforms. 
Remove this difficulty by letting O, = 
V,+ which amounts in effect to merely 
renumbering the 0's. Then 

+ mV, = e-' 
dvo for n = 0 - 
dz 

( 2 )  
Equation (1) is a linear, first-order dif- 
ferential equation. Its solution is 

so 
dV, - e-" + me-"'" 
dz  a (4)  -= 

Take the transform of Equation ( 2 )  : 

d 
dz - Cpr - ( p  - 1)VOl = 

- - m ( p - - 1 ) ( ~ - V o )  
Substituting from Equations (3)  and 
(4) and simplifying one gets 

d y  P - 1  P - - l  e-z 
-+m-  y=- 
d z  P P 

This is a linear, first-order differential 
equation. The solution is 

up - m 

A t z = O  ( A = A , ) , N l =  N , =  ...= 
0. Therefore y = 0 at z = 0 and 

a p - m  
so 

) y = e-" ___ P - - l  ( 1 - e  
u p  - m 

p - 1  e - 1  
- e - 3  . - 

m 

P 
U -- P 

From the table 

Since v,  = Vn-l 

v,  = 
( n  - I)! 

This is a modified incomplete gamma 
integral, which can be found in mathe- 
matical tables. 

The yield of N,, based on the A re- 
acted, is 

0, e'v,, 
-=- N, 

(Yn),4 = - = 
A , - A  1-e-" e"-1  

where conversion of A = 1 - e-". 
Example 4: In the theory of con- 

stant a, constant L/V distillation col- 
umns, certain finite difference equa- 
tions are involved ( 6 ) .  These are much 
more easily solved by use of the trans- 
forms than by iterative methods, as 
will be shown. Assume a total con- 
denser is used. What is the mole frac- 
tion of any component in the vapor 
(y,) on any plate n in the rectifying 
section, if top product composition is 
fixed? 

Solution: Let top plate = plate no. 
zero. Plates numbered down the col- 
umn. 

Y O  = XD 

L, V ,  D = molal flow rates of liquid, 
vapor, top product, respec- 
tively 

D 
R, - = l - R  - _  V V - 

L 

Y n  K ,  = - = OL K b ,  

X, 

01 = volatility ratio 

Ka, = K of component having LY = 1; 
on plate n 

ffl Ir1 
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O 

where P = sum over all components. 
Therefore 

Yn 

ffKbn 
K b n  Yn+i = R Kan- 

$- ( 1 - R )  K b n X D  (5) 
Multiply by z,,/a one gets 

R XD 
&+1=-On + ( 1 - R )  - - ~ n  ' ( 6 )  

,a a 
I f n = O  

a 

(7) 
By comparison of Equations (5)  and 

d o = - = -  

Let the transform of 0% be y ( p )  and 
the transform of z, be G ( p )  : Take the 
transform of Equation (6) : 

(7) 
Y O  X D  

a f f  

XD 

a 
+ ( 1 - R )  - G  

P - ,  

Substitute Equation (9) in Equation 
(8) and obtain Also 

This is the desired relation. 

R I .  

( p - - ) [ l - -  a& ( 1 - R ) S ]  

where the subscript i is used to indi- 
cate that yc is the transform of the 8, 
for any particular component i. 

To invert G clear numerator and 
denominator of fractions by multiply- 
ing both by the product of p - R/a 
values for all components; that is by 

0 4 1  ( P - ; )  

The result for the denominator is a 
polynomial of degree c (= number of 
components). The numerator is ( p  - 
1). (a polynomial of degree c - 1 ) .  
Find the c roots p k  ( k  = 1 to c) of 
the denominator. Then expand by the 
Heaviside partial fractions method, 
just as for a Laplace transform inver- 
sion. The result is 

where 

a, = 

giving 

Invert yc similarly. The result is 

where 

To find y,, note that yo = xD. For n = 
1 or more 

Conclusion: The transform method 
enables straightforward solutions to be 
developed for many finite difference 
equations. Though limited to linear 
equations it should be useful in solv- 
ing many chemical engineering prob- 
lems. 

NOTATION 

F(y,) = finite difference transform of 

J" = Bessel function of zero order 
& = integer 
k I = reaction rate constant for ith 

reaction 

y n  P (9") = Y ( P )  

111 = kdki 
11 = integer 

r 1  
Y. 
a = volatility ratio 

= parameter 

= function of n 
rate of ith reaction 

ri 
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