the dispersed phase, according to the
availability ratio criterion.

NOTATION

Ci; = concentration of the i-th reac-
tant in the j-th phase [ML™]

d = reaction zone thickness [L]

D,; = diffusivity of the ¢-th reactant
in the j-th phase [L*T™]

k, = reaction rate constant in the
j-th phase [ML*T"]

m = equilibrium distribution ratio
for A, C.i/Cae

M = equilibrium distribution ratio
fOI' B, CBz/CBl

N, = transfer rate of the i-th reac-

tant across the interface

[ML>T]
©
R = availability ratio, C—:f-'\/DB2
VC A1 Al
S, = consumption rate of the i-th
reactant at the reaction front
[ML=T]
t = time coordinate [T]
x = position coordinate [L]
x = position coordinate of the re-
action zone [L]
Greck Letters
o = proportionality constant
[LT™]
Y = \/DAz/ Du
r = \/Dm/ Ds.

= x/2 \/_D—A;t
=\/a/Ds

== \/a/ Dm
= stoichiometric coefficient

= \/Duw/Ds,
= \/Dm/ DAl

O e ¥ B >3
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2.

Finite-Difference Transforms for Application to Stage by Stage

Processes

The stage by stage operations of
chemical engineering may be calcu-
lated by iterative means, or handled by
graphical manipulations. The former is
tedious; the latter is often useful but
leads to somewhat uncertain results
when many-stage processes are treated.
An analytical method for solving stage
by stage problems would have obvious
advantages. Such a method has been
devised for linear systems (8, 4, 5);
the method involves finite-difference
transforms that are analogous to the
Laplace transform. The basis of this
method was developed originally in the
electrical engineering field for applica-
tion to control problems. The trans-
form was called the z-Transform, cor-
responding to the o(p) function de-
fined below. There are also alternate
transform techniques (1, 2, 7, 8) which
are more powerful for some applica-
tions.

Let y, denote a function of stage
number n. Define the finite-difference
transform as follows:

—1
Flya) = y(p) =
(yo+£+y2;+...)
P P
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—1
=t a(p)
P
or
_]_ ad A
yipy = P2 2 Y
4 =p
p—1
= “o(p)
P
where

p = a parameter

U(p)=y0+£ ‘!'/%-)‘
P p

The transform of y, = 1 is 1:
p—1

F(1) =v(p) =

1 1
O+—+f+m)
Py

-1 1
_r . =1

1
P,

4
The transform of y, = nis 1/(p — 1).

p—1

F(n) =v(p) =

A.l.Ch.E. Journal
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d
——(P—‘l)a
1 1
O+—+7+m)
P p

=—(p—1>aip<p/p—1>

_p—1 1

(p—1)7 p—1
If the transform of y, is y(p), the
transform of y,., is

p—1
P

@+2+%+m)
p

p
=p (F(yn) — ! yo)

=py(p) —(p— Dy

The transform of Ay = ynq — y. is
F(ynn) — F(yn) = (P - 1) (V(P) —
). The transform of n y, is found by
noting that

F(yml) =

p—
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TaBLE 1. SomE FINITE DIFFERENCE TRANSFORMS

<
P15y
1(p) = —— &= = Fa(ya) 7 (P) =a(p)
#Azo P p—
B 1 Function of n . Transform Function of n Transform
B]_ =n __];._
p—1
1
By = n(n—1)/2! —
(P'l— 1)
Bu=n(n—1)...(n—k+1)/k —— nln+1)...(n+k—1)
(p—1)* k! _r k=>1
_(n—{-k—l)!— (p—1)*
T Re—D!
Yn v(p)
Ynia prip)—(p—1)y.
Ynaa py(p)—pp—1)yo—(p— 1y
AY = Y — Yn (p—1)(¥(p)—yo)
Aol = Yniz— 2Wns1 + Y (p—1(v(p)—yo)+(p— 1) (ygo—y1)
Aay = Ynis — 3yn+2 + 3yn+1—yn (p— l)s('y(p)— y°)+(p_ l)(P —_ 2)
(Yo —1y) +(p— 1) (g2 —ys)
" p—1
a
p—a
a* —1 74l e
s P2 o A (p—1)(&—1)
ol P (n+1)!
g —(p——l)( VP) Y (p—1) v(p) dp
2p n41 » plp—1)
n(n 4 1) +p(p—1) 2% (p) < '
o —Yn 2l P za;y» p_ly(p),thatlso(p)
n(n+1)(n + 2) —p(p—1) Po(p) S S p)
- a Yn 3l o zﬂ:y.. ; Un — 1
&yn P=1(2) [” .
LG 2= timo(p) |
na® ll(—p_—_ll
(p—a) .
1 <__a)
S % v(p) 1 —1 (e P ——1)
-t d — ) e¥*z"dz P
ko O p—a alY, p 1
(n=otermiso) (Incomplete gamma integral ) ? —a
(2-a)s
(f)m ~1 [ a b p—1le’ 1
(—1)"\ 2 E—]a( ) —'—‘f e -2'dz
—_— P Yp nl*, P b
(nt)® ?—a
—1
1,0,0,0, P—~ bs£o
0,1,1,1,. 1/p
0,0,1,1,.. 1/p*
do y. 2y, 3y, The transform of n is a special case of . p—1
F (‘? — Tt this relation. By differentiating again transform of a® — 1P Answer: p—a
P P P P one finds that the transform of n(n + a—1
1 Dya is p(p — 1) c/ap” - 1= . What is the transform
Flny) = By simple algebra a list of trans- p—a.
forms can be developed (see Table 1). . n(n+ 1)a" Answer: p(p—1)
9 3 This list is by no means exhaustive but 21 ’ : 21
(0 + 5 _% + za 4 ) is adequate for the solution of many 5 p aplp—1)
P P p problems involving stage by stage — = -
processes. Also many other related 9" “p—a (p—a)
=—(p—1) i transforms can be developed by using The utility of the transforms is best
=T ap the table. For example what is the shown by example.

Vol. 7, No. 3

A.1.Ch.E. Journal

Page 527



Example 1: What is the sum of the
first n terms of a geometric progres-
sion?

Solution:
Yu = g{: a* where ¢ = constant.
By difference
yn«rl — yn = a”“
Fromthe table (p — 1){y — o) = a -
p— lU/p—a
But y, = 1. Therefore
= 1
Y P —a +
a (@—1) + 1 ot —1
n f=—1 a —_— T e ———
A a—1

Example 2: What is the sum of all
terms ot the series (¢ + 4¢° + 94° +
...)? That is what is the value of

23
2 n‘a" (where a is less than unity)?

n=g
p—1
—a

Solution: F(a") =

o= P =
p—a p—a
F(n'a") = F([n{n + 1) —nla")

— 1) Bo-+( 1)30’
=pip op* P ap

2 ap a
P ) (P__a) (p__a)ﬁ
Corresponding o is 4 T F(n°a*) =
p.—
2 ap® ap
(p—a) (p—a)
Desired sum = limo = _L —_
p=1 (1—a)
a _a(l+a)
(1—a) (1—a)

Example 3: A series of reactions oc-
curs as follows:

1. A +C=N, Reaction rate
rn=kics - f(cs)
2. N+ C=N, 1.=~Fcwn"f(cs)
8. N.+C=N, r,=kew-{f(cs)
where ¢ = concentration, k, k, = re-

action rate constants, f(c’s) is a func-
tion of concentrations, the same for all
reactions. C is the common component;
it takes part in all reactions. This type
of reaction sequence is fairly common
in the chemical industry. The problem:
Pure A and C are mixed and reacted
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batch by batch. What is the yield of
product N,?

Solution: Let A, N;, N,, ... = moles
of A, N, .... Ar = A in reactor feed.
m = k,/k, a=m—1

A

z=—1In

P

a4 = disappearance rate of A

N,
Up =
A
r, = net formation rate of N,
1 dN, dv, |
n=1 —=——=—-¢°
r, —dA dz
TL— Ty
= =1 — mu,e’
7y
Tn dn, dv,
n>1 L= ",
T4 —dA dz
Tn— Tm—l
= =M (Vyy — V) E°
Ty
Or
. dov, n
n=1 —+mu,=¢°
dz
dv,.,
n>1: = m(vn_um—l)
dz

In these equations v, is not defined
(there is no product N,). But the sub-
script n = 0 occurs in the transforms.
Remove this difficulty by letting v, =
V., which amounts in effect to merely
renumbering the v’s. Then

av,
for n=0 — +mV,=¢*
dz
(1)
AV
n>0 =m<Vn_Vn+l)
dz
(2)

Equation (1) is a linear, first-order dif-
ferential equation. Its solution is

e —e™
Vo= (3)
a
SO
dv, — e’ + me™
= 4
dz a (4)

Take the transform of Equation (2):

d
— —(p—1)V,] =
2 [Py — (p—1)V.]
—m(p—1)(y—V)

Substituting from Equations (3) and
(4) and simplifying one gets

d — —

Y mP=t P
dz P P

This is a linear, first-order differential
equation. The solution is

A.1.Ch.E. Journal

(p—1)e”

ap —m
Atz =0 (A=A;),N,=N,=...=
0. Therefore y = 0 at z = 0 and

7 — Kevmz + (ma/m +

__p—1
o ap —m
S0
) P__l (7 —a)z
y=e¢’ (1—e )
ap—m
(2.
»
. p—1 e —1
:e -
m
p —a
From the table
mne—z t4 . .
V,= - j; e 2*dz

Since v, = V,_,

n-l -2

me

Uy = —————— f e " dz
(n—1)! %

This is a modified incomplete gamma
integral, which can be found in mathe-
matical tables.

The yield of N,, based on the A re-
acted, is

‘v,
(Yn ) A =

e —1

N, Un
Ar—A l—e—

where conversion of A = 1 — ™.

Example 4: In the theory of con-
stant «, constant L/V distillation col-
umns, certain finite difference equa-
tions are involved (6). These are much
more easily solved by use of the trans-
forms than by iterative methods, as
will be shown. Assume a total con-
denser is used. What is the mole frac-
tion of any component in the vapor
(y») on any plate n in the rectifying
section, if top product composition is
fixed?

Solution: Let top plate = plate no.
zero. Plates numbered down the col-
umn,

Yo = Xp

L, V, D = molal flow rates of liquid,
vapor, top product, respec-

tively
L D
— =R, —=1—R
Vv Vv
K, =2 = oK,
Xn

a = volatility ratio

K», = K of component having o« = 1;
on plate n

¢

2 (Ya) s

j=1 «;

Ki, =
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¢ = number of components

Kbo'Kbl'Kbg...Kb,,=z,,
Yn
Zp1 — = b
«

-2
38, = Z,,_IKb,. = Zn
One has

yn+1 = Rxn + (1 —_ R)xp

K”n= 2 &‘
o

c
where 3 = sum over all components.
Therefore

Yn

aks,

Kbn yn+1 =R Kbn

4+ (1 —R) Ksaxp (5)

Multiply by 2. /e one gets

R X
Ona=—8,+ (1—R) 22, (6)
24 o
Ifn=0

. R
Kn?i=Zg + (1—-R) 2k,
o [24 o
(7)

By comparison of Equations (5) and

(7)

Let the transform of 6, be y(p) and
the transform of z, be G(p): Take the
transform of Equation (6):

R

Xp
pr—(p—1)—=—v
« [+4
+1-Rr2c
L£4
_ (=1 +{dA-RIG x
R @
p—_
«@
(8)
Since z,.=§0n,G=§'y
G=[(p—1)+(1—R)C]
(xp/a)c
4=1 R
p-—_—
oy
or
(p—1) -8
G=—— 9
1—(1—R)-S ©)
where
N S (xp/ex) s
DY 2
-

Vol. 7, No. 3

Substitute Equation (9) in Equation
(8) and obtain

(p—1) (xo/a):

(p-~%)[1— (1—R)S]
(10)

Y =

where the subscript i is used to indi-
cate that v, is the transform of the 4,
for any particular component i.

To invert G clear numerator and
denominator of fractions by multiply-
ing both by the product of p — R/a
values for all components; that is by

I (-2)

i=1 @y

The result for the denominator is a
polynomial of degree ¢ (= number of
components). The numerator is (p —
1). (a polynomial of degree ¢ — 1).
Find the ¢ roots p, (k = 1 to ¢) of
the denominator. Then expand by the
Heaviside partial fractions method,
just as for a Laplace transform inver-
sion. The result is

¢

G - p - l . ak
1— R k=1 P — pk
where
T7(-)
po——
@
I=1
a, =
(pe—p;)
.. i#=k
glvmg
l ¢
Ry == 1—r = @ P

Invert v, similarly. The result is

o= (2) 2 (Be) i

4

where

To find y, note that y, = x,. For n =
1 or more

af, .

= (1 '—R)xni

Yoo =

n—1

% (bk){ Pkn

4
2 a, Pt
k=1 ¥ pk

A.1.Ch.E. Journal

This is the desired relation.
Also

<Kb),. = z,./z,..l
=Zap;/Sa Pkn—l
(n>0)

Yns
= — _(1—R
Sl Al )

¢

2 (bk)1 P "

Xxp; k=1

(243 M

2 ax Pkﬂ

k=1

Conclusion: The transform method
enables straightforward solutions to be
developed for many finite difference
equations. Though limited to linear
equations it should be useful in solv-
ing many chemical engineering prob-
lems.

NOTATION
Fly.)

— finite difference transform of

4 F (ys) = v(p)

To — Bessel function of zero order
k = integer
k. — reaction rate constant for ith
reaction
m = ki/k,
n = integer
P = parameter
r — rate of ith reaction
Yn — function of n
e = volatility ratio
¥(p) o(p) =F(ya)
Y1 Y
olp) = yo+—+-——...
p
>
nzo P"
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